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which have  to be carried out for each value of x. 
The necessary ranges of x and y must  be considered 
and also the in terval  in these coordinates at which the 
summat ion  is to be done. In  the earlier papers the 
rule suggested for the choice of in terval  was tha t  if 
H and K are sufficiently smal l  they  should be 
mult ipl ied by  factors to bring the product  as near  as 
possible to 20. This factor can then  be regarded as 
mul t ip ly ing  0, the in terval  of subdivision, and brings 
the la t ter  up to a sui table value. The range of the 
strips is, of course, correspondingly increased. If  H 
or K is less t han  20 the  strips need only to be added 
on the even sides, but  if the m a x i m u m  index H or K 
is greater t han  20 then  both even and odd sides 
should be added. In  all such summat ions  care mus t  
be t aken  to allow for the case where the  number  of 
A(hk)'s or B(hk)'s is reduced when h----0 or k----0 
(see the  In t roduct ion  to Lonsdale, 1936). 

The 3 ° strips are also of considerable value in the 
calculat ion of s tructure factors, especially in the earlier 
stages of an analysis.  In  these stages it  is convenient  
to keep the atoms to wi thin  60ths or 120ths, when the 
strips can be used direct ly to give the values of the 

sums of terms like cos. 27rhx . cos. 2xeky. A strip can 
sm sin 

be selected to give first of all the values of cos 2~hx 
or sin 2zehx, and these values can be used as the 
ampl i tudes  of a cos 2~ky or sin 2~ky strip, which 
will give the answer for successive values of k. The 

strips for the various atoms can be laid beneath  each 
other for convenience in adding. The accuracy obtain- 
able by  thus  'forcing' the atoms on to the nearest  
6 ° or 3 ° is l imited, and more accurate procedures are 
discussed by  Sayre (1951) and by Beevers & Lipson 
(1952). 

The calculation of molecular  t ransforms also has its 
value in crystal-structure work, and this applicat ion 
of the strips has been described by Whi t t ake r  (1948). 

I am indebted to the X-ray  Analysis  Group of the 
Ins t i tu te  of Physics  for encouragement  in s tar t ing this 
work and for some f inancial  assistance, to Dr T. H. 
Goodwin for the supply  of the cross-totals of the strips, 
and to m y  wife for much assistance in the work of 
cutting. 
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A method is described for using Fourier strips directly for the calculation of structure factors. 
The accuracy of the method is discussed, and some examples are given of the procedure involved. 

1. Introduction 

Much more a t tent ion seems to have been pMd to the 
sys temat ic  calculation of electron densities in crystals 
t h a n  to the  calculation of structure factors;  the former 
operation is more easily dealt  with, since it  is concerned 
with precisely located points  in the uni t  cell, whereas 
s tructure factors depend upon a rb i t ra ry  positions. 
Nevertheless,  when methods  of evaluat ing electron 
densities had  been satisfactori ly worked out, the 
s imi lar i ty  of the electron-density equat ion 

1 
@(x, y, z) ---- --  2,' JL" ~ '  F(hkl) exp [--2~i(hx+ky+lz)] 

V h  k 

and the structure-factor  equat ion 

F(hkl) = ~" fn exp [2~i(hxn+kyn+lzni] 
n 

suggested to several workers (e.g. Robertson, 1936; 
Sayre, 1951) tha t  these methods could be used for 
both operations. 

There are, however, some difficulties associated with 
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both these methods:  Robertson 's  requires the pre- 
para t ion of 'sorting boards '  for different atomic 
parameters ,  and Sayre's  requires the careful pre- 
para t ion  of an electron-density map  representing the 
assumed structure.  The present paper  describes a more 
s t raightforward method,  which can be put  into 
operation by  anyone who possesses a set of 3 ° Fourier  
strips. 

2. General principles 

In  a sense, the method can be.regarded as similar  to 
tha t  of Sayre (1951), who makes  use of the fact tha t  
the  weighted reciprocal latt ice is the Fourier  t ransform 
of the electron densi ty  in the crystal. This method can 
be used direct ly if we are prepared to place all the  

1 atoms on points whose coordinates are exact ~-~vths 
of the uni t  cell, tha t  is, with errors of the order of 

of the unit-cell  edge. This is unsat isfactory for 
large uni t  cells, of the order of, say, 24 A, since the 
errors in placing the  atoms would be about  0.1 A, 
al though this would certainly be accurate enough for 
the ini t ial  stages of a s tructure de terminat ion;  bu t  
for cell edges of the order of 6 A the error in the 
positions of the atoms would be of the order of 0.02 A, 
which is almost  negligible. The present  proposal, 
therefore, is to confine the use of the strips to the  
shorter axis only, so tha t  only the smaller  errors are 
introduced. 

The principle can be best explained in terms of the 
structure-factor equat ion 

F(hkO) = 2, f~ cos 2zchx~ cos 2z~kyn , 
n 

which arises in m a n y  space groups. If  all the atoms 
are similar,  this m a y  be wri t ten as 

F(hkO) = fn .~ cos 2z~hxn cos 2z~ky,,. 
n 

Suppose tha t  the uni t  cell has a long b cell 
dimension. Then the quanti t ies  cos 2zeky,~ m a y  be 
evaluated from tables, with any  accuracy desired, 
for each a tom and for each value of k. These quanti t ies  
m a y  then  be used as ampl i tudes  in the appropriate  
Fourier  strips, the  summat ion  being effected in the 
usual way by  placing the strips under each other and 
adding;  successive columns give a row of structure 
factors with constant  k and increasing h. The following 
are the rules of operation: 

1. The ampl i tude  of the strip is cos 2z~ky. 
2. The index is the coordinate of the atom as an 

exact  number  of ~½-~ths. 
3. Each column of the strip gives the contr ibut ion 

of the atom to successive structure factors. 

The values of )L' cos 2zehx,~ cos 2zeky~ m a y  then  be 
n 

mult ipl ied by  the appropriate values of scattering 
factor to give the structure factors required. Even  if 
the atoms are not  all similar, the  derivation of the 

quanti t ies  cos 2zlhx cos 2z~ky in this  way  is ex t remely  
helpful. 

3. Improvement  of the accuracy 

For some purposes the accuracy of the method  is 
insufficient,  for the error in cos 2zehx due to an error 
6x is  equal  to --2:rh6x sin 2:rhx, and so will tend  to 
increase as h increases. The m a x i m u m  error is 2~hbx, 

this  m a x i m u m  and since 5x m a y  be as great as 2-z-~, 
error is of the order of hi40, so tha t  errors up to 
20% will occur for indices of 8. 

This accuracy m a y  be considerably improved b y  a 
simple expedient,  at the expense of doubling the 
computa t ional  work: if a parameter  lies between two 
exact  T-~ths,  the weighted mean  of these two is 
taken. Thus if the parameter  is p/120, where p is not 
integral,  i t  is expressed as 

nl (p + ng.) + n2(p-- nl) 
p--- -  

n 1 -~ n 2 

where p A-n 2 and p- -n  1 are integral  and nl-4-n9 : 1. 
Thus instead of one strip, two adjacent  strips, of 
ampl i tude  {nl/(nl +n2) } cos 2zeky and {n~i(n~ +n~)} 
cos 2z~ky, and of indices p + n  2 and p - - n  1 respectively, 
are chosen. 

The error is obviously a m a x i m u m  if n 1 = n2, when 
it  can be shown tha t  the accuracy depends upon the 
degree to which cos {2zehnx/120} = 1. Thus up to 
h = 6  the m a x i m u m  error is only 1% and up to 
h = 12 it is only 5 %. If  errors of this  amount  (which 
is p robably  equal  to tha t  with which the  scattering 
factors of the various atoms are known) can be 
tolerated, then  it m a y  be worth while using the strips 
so tha t  they  correspond to the larger range of index;  
if they  correspond to the smaller  range, only a few 
columns of the  strips are used and the extract ion and 
replacement  of the strips m a y  take  more t ime t han  
the additions. 

4. Modification for parameters  greater than 0.25 

The 3 ° strips prepared by  Beevers (1952) include 
indices only up to 30, which corresponds to a para- 
meter  bf 0.25. If  a parameter  lies between 0-25 and  
0.50, however, the  strips can be used quite s imply ;  
in place of index p, the index 60 - -p  is chosen; the  
even places on the  strip (on the obverse side) then  
give the  values required, and for cosine summat ions  
the odd places (on the reverse side) give the  negatives 
of the values required. Parameters  lying between 
0.50 and 1.00 m a y  be expressed as negat ive quanti t ies  

Table 1. Extension of the strips to cover the whole unit cell 
p 60--p p--60 120--p 

Even places + + -t- + 
Cos Odd places ÷ -- -- + 

Sin ~ Even places -- -- + -- 
( Odd places -- + -- -- 
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83 CE 15 
62 CE 17 
62 CE 4 

T a b l e  3. Example of structure-factor calculation 

020 220 420 620 

83 0 83 0 
_ _  - - _  

62 13 57 36 
62 57 41 19 

m 

83 70 181 17 130 
92 CE 13 92 19 84 54 62 

Sum 9 8--9 9-7 71 68 

820 . . .  

83 . . .  83 CO 15 
41 . . .  62 CO 17 

6 . . .  62 CO 4 

, • . 

. . .  92 CO 13 

• . .  Difference 

120 320 520 720 920 

59 59 59 59 59 
39 55 16 62 l0 
6-] 5-O 3Y 6 19 

37 164 106 115 68 
7-1 42 89 5 9--1 

108 206 195 120 159 

o . . 

• . o 

. °  . 

T a b l e  4. Example of improved accuracy 

020 220 420 620 820 

63 CE 15 63 0 63 0 63 . . .  
20 CE 14 20 2 2-0 6 18 . . .  
59 CE 17 59 12 54 35 39 . . .  

3 CE 18 3 i 2 2 1 . . .  
37 CE 4 37 34 25 11 4 . . .  
25 CE 3 25 24 20 15 8 . . .  

83 69 184 5 117 

52 CE 13 52 11 48 31 35 
4--1 CE 14 4-1 4 40 13 37 

93 15 88 44 72 

Sum 10 84 96 49 45 

63 CO 15 
20 CO 14 
59 CO 17 

3 CO 18 
37 CO 4 
25 CO 3 

52 CO 13 
41 CO 14 

Difference 

120 320 520 720 920 

45 45 45 45 45 
15 12 17 8 19 
37 5-3 i5  59 .9 

2 3 0 3 
36 3O 18 4 11 

38 165 113 100 60 

4-O 24 50 3 5 i  
30 24 36 17 39 

70 48 86 20 90 

108 213 199 120 150 

• . • 

. o  o 

a n d  so b r o u g h t  a lso  w i t h i n  t h e  r a n g e  of t h e  p r o c e d u r e .  
F o r  s ine  s u m m a t i o n s  t h e  c h a n g e s  of s ign  a r e  d i f f e r e n t ,  
a n d  t h e  v a r i o u s  cases  a r e  g i v e n  in  T a b l e  1. 

T h e  f u n c t i o n  cos 2ze(hx~-ky) is m o s t  c o n v e n i e n t l y  
d e a l t  w i t h  b y  e x p a n s i o n  i n t o  t h e  f o r m  cos 2zehx 
cos 2~ky--sin 2z~hx sin 2zeky. Thi s  does  n o t  d o u b l e  

t h e  w o r k ,  b e c a u s e  t h e  s t r u c t u r e  f a c t o r s  hk0  a n d  hk0 
c a n  be  d e r i v e d  f r o m  t h e  s a m e  c a l c u l a t i o n s .  

5. E x a m p l e s  

A s i m p l e  e x a m p l e  is g i v e n  t o  s h o w  t h e  m e t h o d  of 
c a l c u l a t i o n .  C o n s i d e r  a c r y s t a l  w i t h  p l a n e  g r o u p  pmm 
h a v i n g  a t o m s  w i t h  t h e  p a r a m e t e r s  s h o w n  in  T a b l e  2. 

T a b l e  2. Assumed parameters in decimals and in ~o ths  
Decimals T½~ths cos 2nky 

x 1 0.123 f4.76 - -  
Yl 0.047 - -  0.831 
x 2 0-142 17.04 - -  
Y2 0.428 - -  0.618 
x a 0.030 3.60 - -  
Ya 0-322 - -  --0.618 
x 4 0.388 46.56 - -  
b'4 0.220 - -  -- 0.925 

L i s t s  of  t h e  v a l u e s  of cos 2 ~ k y  m a y  be  m a d e ;  t h e  

v a l u e s  fo r  k - ~  2 a r e  g i v e n  in  T a b l e  2. 

T h e  s u m m a t i o n s  fo r  t h e  h20 r e f l e x i o n s  u p  t o  h ---- 9 
a r e  s h o w n  in  T a b l e  3. 

T h e  w e i g h t i n g  p r o c e d u r e  can  be d e m o n s t r a t e d  b y  
t h e  s a m e  e x a m p l e  ( T a b l e  4). 

T h e  a c c u r a c y  of  t h e  t w o  p r o c e d u r e s  is s h o w n  b y  
t h e  c o m p a r i s o n  of  t h e  t w o  se t s  of  r e s u l t s  w i t h  t h e  
v a l u e s  o b t a i n e d  b y  o r d i n a r y  c a l c u l a t i o n  to  t h r e e  
d e c i m a l  p l aces  ( T a b l e  5). 

I t  wil l  be  s e e n  t h a t ,  wh i l e  t h e  f i r s t  m e t h o d  g ives  
r e s u l t s  w h i c h  a r e  u s e f u l  fo r  p r e l i m i n a r y  w o r k  on ly ,  
t h e  s e c o n d  g ives  r e s u l t s  t h a t  a re ,  o v e r  t h e  r a n g e  of  

T a b l e  5. Comparison of values of _~ cos 2~hx cos 27~ky 
obtained by three different methods 

First Second Accurate 
hkl method method calculation 

020 -- 0.09 -- 0. I0 -- 0.09 
120 1.08 1-08 1.08 
220 - -  0.89 -- 0.84 -- 0.84 
320 --2-06 --2-13 --2.11 
420 --0-97 --0.96 --0-97 
520 1.95 -- 1.99 -- 2-00 
620 0-71 0.49 "0.48 
720 1.20 1-20 1.19 
820 0-68 0-45 0.46 
920 1-59 1.50 1-53 

c a l c u l a t i o n ,  of  q u i t e  a d e q u a t e  a c c u r a c y .  S ince  t h e  
m e t h o d s  r e d u c e  t h e  c a l c u l a t i o n s  t o  t h e  s i m p l e  
s e l e c t i o n  a n d  a d d i t i o n  of s t r ips ,  t h e y  s h o u l d  s p e e d  t h e  
w o r k  of c a l c u l a t i o n  c o n s i d e r a b l y .  
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